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Abstract: 

In this paper, the thermal conductivity equation with a 

continuous coefficient of fractional continuity is numerically 

modeled by differential methods and spectral-grid methods. 

For numerical modeling of the problem, a numerical solution 

algorithm was developed on the basis of differential schemes 

and spectral-grid methods, software for the algorithm was 

developed, and the numerical results were analyzed. Extensive 

computational experiments were performed at different values 

of the characteristic parameters, the numerical results obtained 

and their analysis were presented.  
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---------------------------------------------------------------------***------------------------------------------------------------------- 

Introduction: Numerous scientific and practical studies are conducted around the world, mostly on the 

modeling of quasi-linear temperature processes, numerical modeling of heat dissipation problems and 

construction of approximate solutions, increasing the accuracy of approximate solutions. Modeling of quasi-

linear processes and the development of methods for their numerical calculation are the subject of research 

in the fields of gas dynamics, hydrodynamics, acoustics, optics, plasma physics, radiophysics, electronics. 

Therefore, the construction of nonlinear mathematical models involving natural processes, the construction 

of efficient numerical solution schemes and algorithms, and the creation of their software are important in 

the field of applied mathematics. 

The article [1] describes the numerical modeling of special derivative differential equations by the spectral 

method. In the article [2] the problems of hydrodynamic stability are approximated by the spectral-grid 

method and its special spectral method. The article [3] considers the calculation of the quasi-linear thermal 

conductivity equation using differential schemes. In the article [4], the equation of thermal conductivity, 

which is a small parameter in the presence of a high-order product, is numerically modeled by the spectral-

grid method. In the articles [5-10] the authors consider the problems of mathematical modeling of linear and 

nonlinear evolutionary equations. The authors considered the modeling of Navier-Stokes equations of direct 

and inverse problems of vixr-tok functions by the method of differential schemes [11-12]. The article [13] is 

devoted to finding the absolute and relative errors of solutions of equations. The author describes an article 

on the use of test functions in solving differential equations [14]. Articles [15-16] describe methods for 

solving simple differential equations. 
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Main part. 

Given the following initial-boundary value problem for the equation of thermal conductivity with a constant 

coefficient of fractional continuity: 
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The differential equation is given by: 
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In this equation, let k(x) be 4, ik
i

 numbers that do not change in the given area. 

The following initial boundary issues are considered: 
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Differential method. The numerical solution of the initial-boundary value problem (1) - (3) is considered by 

the method of finite difference. 

 TtbxaD  0,
 

The difference grid in the field is entered as follows: 
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The problem (1) - (3) is approximated using a purely transparent differential scheme. As a result, the 

differential problem (1) - (3) leads to the difference problem in the following form: 
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To use the prognosis method to solve the difference problem (4) - (6), Equation (4) is written as follows: 

,1

1

11

1 i

j

i

j

i

j

i
FByCyAy  






    (7) 



CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES Vol: 02 Issue: 12 | Dec 2021 
 

© 2021, CAJMTCS    |   CENTRAL ASIAN STUDIES   www.centralasianstudies.org     ISSN: 2660-5309   |   19 

 
 

 

Copyright (c) 2021 Author (s). This is an open-access article distributed under the terms of Creative Commons 

Attribution License (CC BY).To view a copy of this license, visit https://creativecommons.org/licenses/by/4.0/ 

 

where 

;,
2

))()((
1,

2

)(
,

2

)(
2

11

2

1

2

1 j

ii

iiiiiiii yF
h

kkkk
C

h

kk
B

h

kk
A 








 


 

the differential equation (7) is solved numerically using the prognosis method with conditions (5) - (6). 

In this case, the prognosis coefficients are as follows: 
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To find the initial prognosis coefficients, put 0i  in (8) and divide by:  
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Comparing Equation (10) with the boundary condition (5), the following expression is formed [3]: 
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expression (9) is the correct path of the prognosis method, and expression (8) is the inverse of the progonka 

method. 

Spectral-grid method. In the field under consideration, a grid is included in the integration interval  ba, , 

which is applied to the spectral-grid method [4] to solve the differential problem (1) - (3) set for the thermal 

conductivity equation with a constant coefficient of fragmentation. that is, this section is divided into M  

different elements: 
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in this case ax 
0

, bx
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 . To express the approximate solution of the differential problem (1) - (3) in the 

form of a series of Chebyshev polynomials of the first type, the formula for substituting the following 

variable is used to reflect each of the ],[
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xxl  is the length of element j  of the grid and ]1,1[y . The 

differential problem (1) - (3) considered in each element of the entered network has the following form: 
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where equations (14) - (15) determine the approximate solution and the condition of continuity of its first-

order product within the boundaries of adjacent grid elements, equation (16) defines the boundary 

conditions, and equation (17) defines the initial conditions. 

The approximate solution of the system of equations (14) - (16) is used Chebishev polynomials of the first 

type, second-order spatial products at 
i

y  discrete collocation nodes, and linear nonlinear transformations [5-

7]. As a result, equation (14) looks like this: 

Hr
dt

dr
 ,     (18) 

The solutions of the system of equations (18) can be found using single-step Runge-Kutta and multi-step 

Adams-Beshfort schemes [8-10]. 

Results and discussion. 

The algorithm developed above using differential schemes and spectral-grid methods has been applied to the 

calculation of the initial-boundary value problem for the thermal conductivity equation (1) - (3) with a 

continuous variable coefficient. 

In this case, the initial solution to the problem is considered in this way [4]. 
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The constant 
0

t  determines the half-length of the initial distribution: 
0

t  the smaller it is, the shorter it will be. 

Numerical calculations were performed mainly at the following values of the parameters: 15.0
0
t , 

01.0 . The integration interval is selected to be  1,1 . For a given half-length of the initial distribution, 

the function (19) is zero with 
1210

 accuracy at the boundary points [11-12]. Therefore, equation (19) is 

considered with the following boundary conditions: 

  0,1  tu ,      (20) 

The computational experiment was performed using a differential scheme with 16N , 32N , 64N  

and 96N  nodes when the 300,250,200,150
4321
 kkkk  and ]1,1[  sections were divided 

into equal intervals. Similarly, the basis functions (Chebishev polynomials) were performed by the spectral-

grid method with the number 16N , 32N  and 64N  in 40t  layers of time, where the grid 

step is   times. 
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Table 1. Differential method, in this 300,250,200,150
4321
 kkkk  

 -0.1 -0.05 0 0.05 0.1 

N=16 0.2429 0.5201 0.7972 0.5155 0.2336 

N=32 0.2065 0.3934 0.5748 0.3666 0.1747 

N=64 0.2060 0.4105 0.5314 0.3902 0.1654 

N=96 0.2072 0.4140 0.5276 0.3923 0.1655 

 

Table 2. Spectral-grid method, in this 300,250,200,150
4321
 kkkk  

 -0.1 -0.05 0 0.05 0.1 

N=16 0.2539 0.4279 0.5261 0.4065 0.2488 

N=32 0.2412 0.378 0.4672 0.3623 0.2224 

N=64 0.2257 0.3736 0.4474 0.3583 0.2074 

N=96 0.2239 0.3769 0.4482 0.361 0.2045 

 

The thermal conductivity of the grid elements 
i

k  is now selected as follows: Computational experiments 

are performed when the ,300,200
21
 kk  250,350

43
 kk  and ]1,1[  sections are divided into 

equal intervals. 

Table 3. Differential method, in this 250,350,300,200
4321
 kkkk  

 -0.1 -0.05 0 0.05 0.1 

N=16 0.2286 0.5416 0.8544 0.5398 0.2251 

N=32 0.1408 0.3378 0.6223 0.3170 0.1223 

N=64 0.1311 0. 3635 0.5367 0.3455 0.1063 

N=96 0.1316 0.3681 0.5297 0.3487 0.1057 

 

Table 4. Spectral-grid method, in this 250,350,300,200
4321
 kkkk  

 -0.1 -0.05 0 0.05 0.1 

N=16 0.2033 0.379 0.4773 0.3483 0.1935 

N=32 0.1929 0.3397 0.4571 0.3312 0.1834 

N=64 0.1726 0.3379 0.4338 0.3274 0.1616 

N=96 0.1663 0.3391 0.4332 0.3279 0.1549 

 

 

Figure 1. A solution calculated by different methods in different grids and at different time layers. 
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Figure 2. Solution by the spectral-grid method for obtaining different numbers of Chebyshev polynomials 

and calculating them in different time layers. 

At the center of section [-1,1], the coefficient of thermal conductivity 
i

k  is sharply variable, ie distributed as 

follows: [-1,-0.2] in section ,200
1
k  [-0.2,0] in section ,300

2
k  [0 , 0.2] section ,350

3
k  [0.2,1] 

section .250
4
k  

Table 5. Differential method, in this 250,350,300,200
4321
 kkkk  

 -0.1 -0.05 0 0.05 0.1 

N=16 0.2282 0.5413 0.8544 0.5395 0.2245 

N=32 0.1408 0.3378 0.6223 0.3170 0.1222 

N=64 0.1312 0.3635 0.5367 0.3455 0.1062 

N=96 0.1315 0.3681 0.5297 0.3487 0.1057 

 

Table 6. Spectral-grid method, in this 250,350,300,200
4321
 kkkk  

 -0.1 -0.05 0 0.05 0.1 

N=16 0.2033 0.379 0.4773 0.3483 0.1935 

N=32 0.1929 0.3397 0.4571 0.3312 0.1834 

N=64 0.1726 0.3379 0.4338 0.3274 0.1616 

N=96 0.1663 0.3391 0.4332 0.3279 0.1549 

 

 

Figure 3. Solution obtained by different methods in different networks and time layers. 



CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES Vol: 02 Issue: 12 | Dec 2021 
 

© 2021, CAJMTCS    |   CENTRAL ASIAN STUDIES   www.centralasianstudies.org     ISSN: 2660-5309   |   23 

 
 

 

Copyright (c) 2021 Author (s). This is an open-access article distributed under the terms of Creative Commons 

Attribution License (CC BY).To view a copy of this license, visit https://creativecommons.org/licenses/by/4.0/ 

 

 

Figure 4. A solution calculated by the spectral-grid method when different numbers of Chebyshev 

polynomials are obtained and calculated in different time layers. 

Tables 1, 3, 5, and Figures 1 and 3 show a comparison of the approximate solutions of the problem under 

different methods with the different values of parameter 
i

k  obtained when the number of nodes in the 

network is 16N , 32N , 64N  and 96N . It can be seen that the values of the solutions 

obtained at different values of the selected 
i

k  parameters, as well as at different lattice and time layers, 

differ significantly [13-14]. 

At present, in Tables 2, 4, 6 and Figures 2, 4, the results of the comparison of the numerical solutions 

obtained by the spectral-grid method of the problem under consideration at different values of parameter 
i

k  

show that the number of Chebishev polynomials is 16N , 32N , 64N  and 96N , the 

approximate solutions of the problem obtained by the spectral-grid method are almost identical in the 

selected values of 
i

k  parameters, which in turn showed that they can have high accuracy using a small 

number of polynomials [15-16]. 

Conclusion 

The results show that the spectral-grid method is universal, with the possibility of choosing the number of 

grid elements of different lengths and the number of polynomials used to approximate the solution. As a 

result, the solution is found with high accuracy. 
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