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ABSTRACT ARTICLEINFO

In this paper we have studied the linear time invariance quadratic optimal
control problems with unknown coefficients. The linear time invariance
problems were parameterized based on control-state parameterization
technique such that the objective function and the constraints are in terms
of state variables and control variables. These two methods were
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converting the linear time invariance quadratic optimal control problems
into quadratic programming problems and the converted problems were
solved using MATLAB. When we increase the order of polynomial (M), then
the computational results of the proposed methods gave better results but
when we compare these two methods, Legendre scaling function was better
than Chebyshev scaling function with regard to optimal value. Hence, the
Legendre scaling function method is more suitable for solving the linear
time invariance quadratic optimal control problems.
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1.INTRODUCTION

Optimal control is a science that deals with linear and
nonlinear optimal control problems (OCPs) and the main
objective of optimal control is to determine control function
that will the cause of a systems (plant) to satisfy the
physical constraints and at the same time extremize
(maximize or minimize) a performance criterion
(performance index or cost function) [1]. Analytical
solutions of optimal control problems are not always
available, thus finding an approximate solution is at least
the most logical way to solve them. By contrast, linear
optimal control problems have readily computable
solutions rather than nonlinear optimal control problems.
Optimal control problems with linear time varying systems
are much more difficult to solve in comparison with linear
time invariance systems [2].

The state variable (or function) is the set of variables
(functions) used to describe the mathematical state of the
system at a time t but according to [3] the value of state
variable decreases when the time interval increases. The
control variable (or function) is an operation that controls
the recording, processing, or transmission of data at a time
t but according to [6] the value of control variable increases
when the time interval increases in the case of linear time
invariant optimal control problems. The work of [5]

presented the proof of multiplication of Legendre scaling
function as well as the multiplication operational matrix
which was used in the development of a computational
method to the linear time-varying quadratic optimal
control problems.

[4] Were solving both linear time invariance and linear time
varying optimal control problems using Chebyshev
wavelet. [6] Finding the approximate solution of the
optimal control of linear time invariant systems using the
Legendre wavelets and the operational matrix of stretch is
derived and together with the operational matrix
integration has been used to change the system of state
equations into a set of algebraic equations.

2.METHODS

Using Legendre scaling function and Chebyshev scaling
function convert the linear time invariance quadratic
optimal control problems into quadratic programming
problems. Then the converted quadratic programming
problems were solved using MATLAB and sketch the graph
of the approximate value of state and control variables.
Then compare Legendre scaling function and Chebyshev
scaling function with regard to optimal value.

3.CHEBYSHEV SCALING FUNCTION

We will introduce the definition, basis of Chebyshev scaling
function. This basis will be the basic of this paper in the
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following section. Chebyshev scaling function is used to for
approximate both state variables and control variables
because the optimal solution of state variables and control
variables are a function of time so it is better to use this
function for quadratic optimal control problems and

Chebyshev scaling function can be defined is as follows
(k—l)/

Oy 2 K -1
Yom@® =17 = Im (2= 20 +1),2 okt StSo
0, otherwise
wheream={22 m:O123
) m = yey Iy e

Here, Ty, (t) are the Chebyshev polynomials of order m,
To(D) =1,
T:(D =t
T,(t) =2t2 -1
T, (t) = 413 — 3t

Ty (®) = 2tT, () = Ty 1 (), m=1,2,3, ... (2)

3.1. Operational Matrix of Integration (OMI) for
Chebyshev Scaling Function

Let P be an operational matrix of integration which is
obtained from the integral of Chebyshev scaling function
from 0 tot and these matrices play an important role to
modeling the problems. According to [10], this matrix is
used to change the system of state equations into a set of

algebraic equations which can be solved using software.
This is represented as follows:

f‘P(t)dr = P¥(t) 3)

‘P(t) = [Pim (O, ¥Yom (1), ¥3m (D), ..
So the matrix P is the cofficent of ¥(t)

P=l5 ¢

K I(M + 1) x 2X°1(M + 1))
operational matrix of integration and 0,C,S are (M +
1) X (M + 1) matrices and give

zk 1 (t)]

where P is a
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0 is matrix that all entire elements are zeros

3.2. Continuity Test of Chebyshev Scaling Function

To insure the continuity of the state variables between the
different sections so we must add constraints. There are
2kt —1 points at which the continuity of the state
variables has to ensure. These points are

,i=1,2,..,2581 -1

2K—1

Rl

In addition, there is (
given as follows

(IS®¢,)a = O(ZK_l—l)le (4)
However, the dimension of continuity matrix ®' or ensured
constraints is (2K71 — 1) x 2K-1(M + 1).

4. LEGENDRE SCALING FUNCTION

In this section, we will introduce the definition, basis of
Legendre scaling function. This basis will be the basic of this
paper in the following section. Legendre scaling function is
used to approximate both state variables and control
variables. Legendre scaling function can be defined as
follows.

Py (1)

— 1)s equality constraints can be

Lok 2%t —2n 4 1), for Nt << D
— m+§ n(2%t—2n+ 1), for oK _t_Z—K (5)

0, Otherwise

where P, is the Legendre polynomial of order m; n refers to
the section of time interval,

n=1,2,.., 251 Kis the scaling parameter and can
assume any positive integer and

t € [0,1]. From this the Legendre polynomial can be given

Po() = o= (= D™ (6)
Po(t) =1
P (t) =t

1
P() = 5 (3t = 1)

1
P(x) = > (5t3 — 31)
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4.1. Operational Matrix of Integration (OMI) for
Legendre Scaling Function

Let P be an operational matrix of integration which is
obtained from the integral of Legendre scaling function
from O tot and these matrices play an important role to
modeling the problems. According to [7] this is used to
change the system of state equations into a set of algebraic
equations which can be solved using software. This is

represented as follows:
t

fq)(‘t)d‘t = P®d(t) @)
where ®(t) =0

[10(6) D3 (1) oo Dypg (D) Big(t) oo Dapg Doy oo Dyrciyg (D]

and P is called the cofficent matrix of ®(t)
1 [D U]
P=—
210 D
where P is a (2K°'(M + 1) x 2K"1(M + 1)) operational
matrix of integration and O,D,U are M+ 1) x (M + 1)
matrices and given by

2 0 0 ... 0
0O 0 0 0 O
D=
r, 1
1 = 0 0 0 0 0
2 0 = o 0 0 0
Ne Vis
-1 1
0 = 0 —= 0 0 0
0 0 = o 0
35
o L 1
V4M2—(1)6M+15 0 \/ﬁ
-1
o0 0 0 - 0 e e

0 is matrix that all entire elements are zeros.

Note: The integration of multiplication of Legendre scaling
function and its transpose in the interval t € [0,1] is equal
to identity matrix since Legendre scaling functions are

orthonormal is as follows.
1

fcb(t)CbT(t) dt =1y (8

0

where Iy, is identity matrix of dimension N,(N =

2K-1(M + 1)).

4.2. Continuity Test of Legendre Scaling Function

Scaling functions are not supported on whole interval a <
X < b; so these functions divide the interval of interest to
number of sections depending on the value of scaling
parameter K; for this reasons we have to add additional
constraints to ensure the continuity of the state variables
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between different sections. There are 2X~! — 1 points at

which the continuity of state variables.
i

tizﬁ ,i=1,2,...,2K_1—1
In addition, there is dimension of
equality constraints is (2X7! — 1)s can be given as follows
(Is®P)a = 0x-1_y)_ €))

where @' is continuity matrix
However, the dimension of matrix of continuity ensured
constraints is (2571 — 1) x (2K"1(M + 1)).

5.LINEAR TIME VARYING QUADRATIC OPTIMAL
CONTROL PROBLEM

Before approximating the states variable and control
variable, it is necessary to transform the time in the optimal
control problem t € [ty,t¢]] into the interval t € [0,1];
because Legendre scaling function [8] and Chebyshev
scaling function [4] are defined on the interval T € [0,1].
Then the transformed optimal control problem is

min]J = tff(xT(t)Qx(t) + uT(Ru(t))dt (10)
0

: dx(t)
subject to T te(Ax(t) + Bu(t))

5.1. Approximation of State and Control Variable Using
Legendre and Chebyshev Scaling Function
The approximation of state variables and control variables
for the problem of linear time varying quadratic optimal
control problems with linear constraint using Legendre and
Chebyshev scaling function is as follows

2k-1 M
x;(t) = z Z al Py () , where i=1,2,3,..,s

n=1 m=0
2k-1 M

WO =D D b @om(®

n=1 m=0

where 1=1,2,3,..,r

These equations can be expanding to
x(t) = ajp Pyo()+ag; P14(t)
+ - Fagy im0 ..
+ .- azK—10q)2K—10(t)
+ - Fa,k-1y Por-1y ()
u(t) =byy P1o(0)+byy P14()
+ - 4byy Dym(d) -
+ - sz—10q)2K—10(t)
+ o byk-1y Pox-14 (1)
These equations can be written in compact form are
x(0) = (1,27 (1))a } 1D
u(® = (I,®>"(®))b

where I and I, are sxs and rxr identity matrices respectively

and ®(t)isN x 1,
N=2K1M+1)
Vector of Legendre scaling function and unknown
coefficients are given by:
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D(t)

= [@10(0) P1a® . Pr(® Poo® P (©) @y O

a=[ay a1y 81p - AyMAz0 gy e ApK-1( . AyK-1p "
and

b = [b10 bll b12 can blM b20 ...sz - bZK_10 aas bZK—lM ]T

where a and b are vectors of unknown coefficients of
dimension sN X 1 and rN X 1.

5.2. Approximation of Performance Index via Legendre
and Chebyshev Scaling Function
We can approximate the performance index of linear time

quadratic optimal control problems using Legendre and
Chebyshev scaling function, substitute equations (11) into

the objective function. We get
1

| = %f aT(@(H)RL)Q(,®PT(1))a
0
+bT(@(ORIHRI@PT(1))bdt  (12)
By applying equation (8), we get the equation (12) and we
can simplify this equation. We get
J =@ (Iy®Qa + bT(Iy®R)b) (13)
Moreover, equation (13) can be written in quadratic form

is as follows
IN®Q ONstr] a
= [T 1T
J=la b7l Onrxns  IN®R [b]
We can construct the quadratic form of linear time

(14)

invariance optimal problems from the integration of state
equation can be rewritten using Legendre and Chebyshev
scaling function with operational matrix of integration, and
unknown coefficients to be easily solved using MATLAB in
the following form.
Now we can express the state equations in terms of the
unknown parameters of the state variables and the control
variables, state equation can be integrated as
From the integration of state equation can be rewritten
using operational matrix of integration and unknown
coefficients in the following form.

[(A®PT) — Iy, (BRPT)] [ | = —g0 (15)
V2
2](_/2 )

the coefficient matrices of state variable and control

where 6 = A is an nX n matrix and B is an nXx m are

variable from the state equation respectively, g, isthe
initial column vector, P is operational matrix of integration
with the dimension of 2X"1(M + 1), Iy, is identity matrix
with the dimension of 2"1(M + 1) and a, b are unknown
coefficients.

By combining equations (9) and (15), we get the following
form of equality constraints

(A®PT) — Iy, (B®PT) ] [a]
IS®¢” O(ZK_I_l)str b
—gob ]
= 16
[O(ZK_l_l)sxl (16)

Then compact quadratic form is as follows:
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min, zTHz
Subject to Fz=h } an
where, z = [E]
H= [RR®Q ONstr
0Nr><Ns RR®R
_ [(A®PT) Iy (B®PT) ]
B (IS®¢.,) O(ZK_l_l)str

—808
h= [O(zK_l_l)sxl]

The general steps to approximate state, control variable
and performance indices using Legendre and Chebyshev
scaling function with unknown coefficients of a and b.
Step (1): Define the unknown coefficients of state and
control variables according to K and M. The unknown
coefficients will be as follows.

a = [a19 a1q A1y Az Az1 - AgM - ApK-1 e ApK-1pyg |”

b = [byy by ...bim byg bag v by v bor-1g o byro1yy |7
Step (2): Generate the scaling function depending on K and
M.

)
= [@3(1) Dy1 (1) .. Pyy(t) Dy(t) Py () oo Popg(t) oo Pyroag (D) oo Poyr-ay (D]T
Step (3): Approximate the state and control variables.

2K-1 M
x() = Z Z anmPnm
n=1 m=0
2K-1 v
u(t) = Z Z bym®Pnm
n=1 m=0
Step (4): Find the vector of initial condition
73 T
2 2
§=—— and 6 = ———,
2K/2 2(](—1)/2

&% = [x;(0)00..0x;(0)00...0]T
Step (5): Find the points of ensured continuity and the
continuity matrix.
@’
= [@1o(t) ... Dym(t) Pop(ty) ..o Pom(ti) o Pox1g(ty) oo Pox1yr ()]

where t; = ——,i=1,2,3,.., 2% — 1

Step (6): Determine the quadratic programming problems.
Step (7): Solve the quadratic programming problem or
equation (17) using MATLAB.

Example

Find the optimal control u*(t) and state variable x*(t)
which minimize the performance index.

min | = %J’(xz (®) + u?(v)dt
0

Subject to x'(t) = —x(t) + u(t), x(0) =1
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approximation of state and control variable
2 T T T T T T T

15 b
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Figure 1. The approximation of state and control variable
using Legendre scaling function

approximation of state and control variable
5 T T T T T T T

X(t)
4 u(t)

1

x(t) &u(t)

4 r r r r r r r
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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Figure 2. The approximation of state and control variable
using Chebyshev scaling function

The approximation value of state variable and control
variable in the linear time invariant system, were presented
in Figure 1 and Figure 2 using Legendre scaling function
and Chebyshev scaling function respectively. We have
considered parameter values K=2, with polynomial of
degree three. We observed that as the time interval, t €
(0,1) the value of state variable decreases and control
variable increases. MATLAB is used to plot the graphs to
show the best result of problems. The graphs represent the
best approximation at each system and the best value of
state and control variable by the run considering numerical
results of the solutions are shown in Figure 1and Figure 2.
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Table 1. A comparison between Legendre and Chebyshev
scaling function with the approximations of performance
index of example

Optimal value [9]

0.1929092
981
Order Performance index (])
of
poly Legendre Error  Chebyshev  Error
M=1  0.194179279 0.1963332  3.42x
497372 1.27x 44960920 1073
1073
0.192998674 0.1930009  9.17x
M=2 " 286855 89090520  107°
8.94x%
1075
0.192909322 0.1929341  2.48x
M=3 011399 2.39x 30143056 1075
1078

This example solved by using Legendre scaling function and
Chebyshev scaling function. As M=1 to M=3 the
approximation value is approaching to the optimal value
obtained by [9]. From this table we conclude that Legendre
scaling function is better than Chebyshev scaling function.

CONCLUSION

In this paper, we proposed numerical methods to solve
linear time invariance quadratic optimal control problem
by using Legendre and Chebyshev scaling function
methods. Applying these methods, the linear time quadratic
optimal control problem was converted into quadratic
programming problem with in unknown coefficients and
known scaling function and it has solved the quadratic
programming problem using MATLAB. Furthermore, the
proposed methods could be easily implemented in a
MATLAB. The results obtained for the linear time optimal
control systems with quadratic performance index using
Legendre and Chebyshev scaling functions works for
finding the approximation values of the state variable x(t),
the control variable u(t) and performance indices. It was
also deduced that the polynomial of scaling function with
degree three and the time interval t € [0,1], the absolute
error is less (almost zero) with the Legendre scaling
functions than with the Chebyshev scaling functions
method. Hence, the Legendre scaling function method is
more suitable for solving the linear time invariance
quadratic optimal control problem.
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