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Abstract: This paper introduces a new idea for constructing graphs from the complement of the 

discrete topological space, where many of the properties of the aforementioned topological 

statement were presented, When the number of elements in a non-empty set is two, the 

corresponding topological expression aligns with that of a null graph. In cases where the set contains 

three elements the topology statement is compatible with the circuit statement Moreover, we 

calculated the independent numbers, chromatic number, girth number, and clique number for 

Complement discrete topological space 
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1. Introduction 

A graph 𝐺 = (𝑉, 𝐸) is an ordered pair of disjoint sets (𝑉, 𝐸), where 

𝑉≠ ∅ and 𝐸 are a subset of unordered pairs of 𝑉. The elements 𝑉 = 𝑉 (𝐺) 

and 𝐸 =  𝐸 (𝐺) respectively are the vertices and edges of a graph 𝐺 [1],[2]. 

In 1964, Ahlborn J. T.[3], a topology on a directed graph G (𝑉, 𝐸)  by a subset 

A of 𝑉 is an open set if an edge does not exist from the set 𝑉 − 𝐴 to the set 

A. Topology is one of the most active areas in mathematics. It is considered 

one of the basic specializations in mathematics due to the widespread use 

of this field by mathematicians in other sciences such as medicine, 

chemistry, etc. There are few studies in which topology is converted into a 

graph, despite its importance in demonstrating different properties and 

graphics, for more information about these topics in [4],[5],[6],[7]. The 

discrete topological space, denoted by (𝑋, 𝜏), consists of a non-empty set 𝑋 

and a family 𝜏 containing all subsets of 𝑋 [8],[9]. In this study, we present 
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a new perspective on discrete topological spaces by introducing a novel 

definition that transforms a specific type of topology into a graph, namely 

the complement of discrete topology. This graph is represented as 𝐺𝜏∁= (𝑉, 

𝐸), where 𝜏∁represents the closed topology derived from 𝜏. The vertex set 

𝑉 (𝐺𝜏∁) comprises all subgroups of 𝜏∁ except for 𝑋 and the empty set ∅. The 

edge set 𝐸 (𝐺𝜏∁) includes edges between any two vertices if one is a subset 

of the other. 

Several significant results have been established, including the 

characteristics of the graph 𝐺𝜏 has an independent number set or the 

independent number of given graphs helps us to analyze social networks 

modeled as a graph, graphical information systems, and coding theory 

[10][11]. The coloring number of the graph indicates that no two adjacent 

vertices have the same color. The number of colors needed to color a chart 

is called the chromaticity number it is used in several aspects like team 

formation in expert networks, revealing the structure and function of 

networks, gene expression, and motif discovery in bioinformatics, 

computational chemistry [12] ,[13], [14]. Anomaly detection in complex 

networks, community search in social networks, traffic control problems, 

and social media analysis. Moreover, calculating the perimeter would be 

helpful in coding theory and software system testing and modeling. 

2. Materials and Methods 

The study aims to develop a method for constructing graphs from 

the complement of discrete topological spaces and analyze key properties 

like chromatic number, independent number, girth, and clique number.  

A graph is created by representing subsets of the complement of a 

discrete topological space as vertices and using subset relationships to 

define edges. The study then calculates various graph properties that are 

important in fields such as network theory, coding theory, and 

computational biology. 

3. Results 

In this section, we introduce a novel method to construct a 

topological graph from the complement of a discrete topological space. 

Several key properties of these complement discrete topological graphs are 

identified and demonstrated.  
 

Definition 2.1: Let 𝑋 be a non-empty set and 𝜏 be a topology on 𝑋 [15]. The 

complement of discrete topological graph denoted by 𝐺𝜏∁ = (𝑉, 𝐸) is a graph 

of the vertex set 𝑉 = {M; M ∈ 𝜏∁ and M ≠ ∅, 𝑋} and the edge set 𝐸 = {M, N; 

M ⊆ N or N ⊆ M}. 
 

Definition 2.2: The maximum independent number (named independent) 

is the largest cardinality among all independent sets of a graph [16].While 

an independent set includes a set of vertices, no two vertices in the set are 

adjacent.  
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Definition 2.3: Coloring the graph indicates that no two adjacent vertices 

have the same color. The number of colors needed to color a chart is called 

the chromaticity number and is denoted by 𝜒(𝐺)[17],[18]. 
 

Definition 2.4: The girth of a graph 𝐺 is the length of the shortest cycle in 

𝐺[19]. 
 

Definition 2.5: A clique in graph G is a complete subgraph of g and the 

order of the largest complete subgraph in G is the clique number denoted 

by 𝜔(𝐺)[20]. 
 

Proposition 2.6: Let X ≠ ∅ of order 𝑛 and let 𝐺𝜏∁ be the complement of a 

discrete topological space, then 𝐺𝜏∁  is an empty graph when 𝑛 equals 2. 

Note: We refer to the vertices in the shapes mentioned in the article as 

follows: 

∀ 𝐷𝑖 = 𝑖 ; 𝑖 = 1,2,3, … , 𝑛 
 

Proof: According to Definition 2.1, for every pair of vertices in  𝜏∁, either 

{𝑟1} is not a subset of {𝑟2} or {𝑟2} is not a subset of {𝑟1}. Since 𝐺𝜏∁ is a null 

graph, no such subset relationships hold between any pair of vertices, 

confirming that 𝐺𝜏∁is indeed a null graph. 

 

 

 

Fig. 1: The graph 𝐺𝜏∁ is a null graph 

 

Proposition 2.7: Let 𝑋 ≠ ∅ with cardinality 𝑛, and 𝜏∁   represent the 

complement topology on 𝑋. If 𝑛 equals 2, then the independent number of 

(𝐺𝜏∁) = 2 

Proof: by Proposition 2.2. According to the definition of an independent 

set, its vertices are not adjacent, and the proof is obtained.  

Proposition 2.8: Let 𝑋 Let 𝑋 ≠ ∅  with cardinality 𝑛, and 𝜏∁ denote the 

complement topology on 𝑋. If 𝑛 equals 3, then the complement of the 

discrete topological space is isomorphic to the cycle graph (𝐶6 

Proof: Let 𝑋 = {𝐷1, 𝐷2, 𝐷3} , then 𝜏 = 

{∅,𝑋,{ 𝐷1},{𝐷2},{ 𝐷3},{𝐷1, 𝐷2},{𝐷1, 𝐷3},{𝐷2, 𝐷3} },and 𝜏∁ = { 𝑋 , ∅, 

{𝐷2, 𝐷3},{𝐷1, 𝐷3},{𝐷1, 𝐷2},{ 𝐷3},{𝐷2},{𝐷1}} so 𝑉(𝐺𝜏∁) = 

{ {𝐷2, 𝐷3},{𝐷1, 𝐷3},{𝐷1, 𝐷2},{ 𝐷3},{𝐷2},{𝐷1}} Let M = {𝐷1}, N = {𝐷2} represent 

vertices consisting of single elements. Since no single-element vertex is a 

subset of another, it follows that for all such vertices, neither 𝑟1} is not a 

subset of {𝐷2} or {𝐷2} is not a subset of {𝐷1} for all vertices of the single-

element, by the definition of the complement of the discrete topological 

space, M is not adjacent to N. Hence, the vertices of the single element 
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{{𝐷1},{𝐷2},{𝐷3}} are adjacent to the vertices of two elements that are required 

to be partial of them, and since {𝐷1} ⊆ {𝐷1, 𝐷2}, therefore the two vertices 

are adjacent about For the vertices {𝐷1} ⊆ {𝐷1, 𝐷3}, they are adjacent. Let us 

assume that 𝑢1 and 𝑢2 are vertices with two elements. Since 𝑢1 ⊄ 𝑢2 or 𝑢2 

⊄ 𝑢1  for any pair of vertices with two elements, 𝑢1 is not an adjacent of 𝑢2. 

As shown in Figure 2. 

 

 

 

 

 

 

 

 
Fig. 2: graph 𝐺𝜏∁ where X=3 

 

Example 2.9: If|𝑋|=4, then 

𝜏 = 

{∅,𝑋,{ 𝐷1},{𝐷 2},{ 𝐷 3},{𝐷4},{𝐷 1, 𝐷2},{𝐷 1, 𝐷3},{𝐷 1, 𝐷4},{𝐷 2, 𝐷3},{𝐷 2, 𝐷4},{𝐷3

, 𝐷4}},and 𝜏∁ = { 𝑋 , ∅,{ 𝐷3, 𝐷 4}, 

{ 𝐷2, 𝐷 4},{𝐷 2, 𝐷3},{𝐷 1, 𝐷 4},{𝐷 1, 𝐷 3},{ 𝐷1, 𝐷2 },{ 𝐷4},{ 𝐷3},{𝐷2},{𝐷1}} so 

𝑉(𝐺𝜏∁)={{𝐷3, 𝐷4}, 

{𝐷2, 𝐷4},{𝐷2 , 𝐷 3},{ 𝐷1, 𝐷4 },{𝐷1, 𝐷 3},{𝐷 1, 𝐷2},{ 𝐷4},{ 𝐷3},{𝐷2},{𝐷1}}. As 

shown in Figure 3. 

 

 

 
Fig. 3: The graph 𝐺𝜏∁ where X=4 

 

 Example 2.10: If|𝑋|=5, then  
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𝜏={∅,𝑋,{ 𝐷1},{𝐷2},{ 𝐷3},{𝐷4},{𝐷5},{𝐷1, 𝐷2},{𝐷1, 𝐷3},{𝐷1, 𝐷4},{𝐷1, 𝐷5},{𝐷2, 𝐷3},{𝐷2

, 𝐷4},{𝐷2, 𝐷5},{𝐷3, 𝐷4},{𝐷3, 𝐷5},{𝐷4, 𝐷5} },and 𝜏∁ = { 𝑋 , 

∅,{𝐷4, 𝐷5},{𝐷3, 𝐷5},{𝐷3, 𝐷4},{𝐷2, 𝐷5}, 

{𝐷2, 𝐷4},{𝐷2, 𝐷3},{𝐷1, 𝐷4},{𝐷1, 𝐷3},{𝐷1, 𝐷5},{𝐷1, 𝐷2},{𝐷5},{𝐷4},{ 𝐷3},{𝐷2},{𝐷1}} so 

𝑉(𝐺𝜏∁) = 

{{𝐷4, 𝐷5},{𝐷3, 𝐷5},{𝐷3, 𝐷4},{𝐷2, 𝐷5},{𝐷2, 𝐷4},{𝐷2, 𝐷3},{𝐷1, 𝐷4},{𝐷1, 𝐷3},{𝐷1, 𝐷5},{

𝐷1, 𝐷2},{𝐷5},{𝐷4},{ 𝐷3},{𝐷2},{𝐷1}}.(As shown in Figure 4 

 

 

 

 

 

 

 

 

 

Fig. 4: complement topological graph where |𝑋|=5  

 

Proposition 2.11: A complement of a discrete topological space graph is a 

simple graph. 

 

Proof: By definition (2.1) let us assume that we have two vertices M and N 

in the topological space, which means that there are three possibilities: 

either M is part of N, or N is part of M, or there is no connection between 

them. Therefore, in the case of connection, there is only one edge between 

the two vertices, not repeated. Moreover, there is no vertex in the 

complement of the topological space that is connected to itself, i.e. it is not 

a loop. Therefore, the graph of the complement of the disjoint topological 

space is simple. 

 

Proposition 2.12: A complement of a discrete topological space graph is an 

undirected graph. 

 

Proof: From (definition 2.1), it becomes clear to us that the complement of 

a discrete topological space graph is an undirected graph. 

 

Proposition 2.13: Suppose the cardinality of set 𝑋 is denoted by |𝑋| = 𝑛. In 

this case, the cardinality of 𝐺𝜏∁  is determined to be 2𝑛 − 2. 

 

Proof: Let 𝜏∁ complement the topology of 𝑋 with cardinality 2 𝑛. 

Consequently, the discrete topological graph 𝐺𝜏∁   includes all elements 

from 𝜏, excluding only the empty set ∅ and the set 𝑋, as per (Def.2.1). 

 

Proposition 2.14: Let |𝑋| = 𝑛 (𝑛 ≥ 3), then 𝐺𝜏∁ has no cut vertex. 
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Proof: Let us assume that v is a vertex in the graph 𝐺𝜏∁, and let 𝑣 be a vertex 

of one element. Referring to the definition of the complement of the 

discrete topological space, the vertex 𝑣 is connected to vertices of two or 

more elements, of which it is a part, and so on for vertices that contain two 

elements and are also connected to individual vertices on the one hand. It 

is also connected to vertices that are part of it, and even vertex 𝑣𝑛 contains 

n-1 elements and is connected to vertices that are part of it. After that, when 

vertex 𝑣 is removed from the graph 𝐺𝜏, a path can pass through another 

vertex, so the graph 𝐺𝜏∁ − 𝑣 It is connected, so 𝑣 is not a cut vertex (see 

Example 2.8). 

 

Proposition 2.15: Let |𝑋| = 𝑛 (𝑛 ≥ 3) and let 𝐺𝜏 be a discrete topology on 𝑋 

then the independent number of (𝐺𝜏∁) = ((𝑛 − 1 ) + (𝑛 − 2) + (𝑛 − 3) +
⋯ + 𝑛 − (𝑛 − 1) ) 
 

Proof: To calculate the independence number of the complement of a 

discrete topological graph, it must be noted that the graph's vertices are 

divided into several stages. The first stage includes vertices with single 

elements, the second includes vertices with two elements, and the third 

includes three elements until reaching stage (n -1) which includes (n-1) 

elements. According to the definition of the complement of the topological 

graph (Definition 2.1), the vertices of each stage are not adjacent to each 

other, which is what we want to achieve by creating independent groups 

whose elements are not adjacent, in this way, the mentioned stages are 

independent groups. The number of independence is the largest of the 

independent sets. See (Definition 2.2). Since we have the vertices of the 

second stage, it is the largest of the independent sums. For all stages, there 

is a discrete topology of x, so the formula ((𝑛 − 1 ) + (𝑛 − 2) + (𝑛 − 3) +

⋯ + 𝑛 − (𝑛 − 1)  ) is used to calculate the number of vertices of the second 

stage, that is, the vertices with only two elements. By finding the number 

of these vertices, we guarantee obtaining the independence number for the 

complement discrete topological graph 

 

Example 2.16: Let 𝑋 = {𝐷1, 𝐷2, 𝐷3} , 

 then 𝜏 = {∅,𝑋,{ 𝐷1},{𝐷2},{ 𝐷3},{𝐷1, 𝐷2},{𝐷1, 𝐷3},{𝐷2, 𝐷3} }, and 𝜏∁ = { 𝑋, ∅, 

{𝐷2, 𝐷3},{𝐷1, 𝐷3},{𝐷1, 𝐷2},{ 𝐷3},{𝐷2},{𝐷1}} so 𝑉(𝐺𝜏∁) = 

{ {𝐷2, 𝐷3},{𝐷1, 𝐷3},{𝐷1, 𝐷2},{ 𝐷3},{𝐷2},{𝐷1}}Since the number of non-adjacent 

vertices consisting of two elements is three vertices. According to the 

general formula mentioned in (Proposition 2.13), were ((𝑛 − 1 ) + (𝑛 −

2) + (𝑛 − 3) + ⋯ + 𝑛 − (𝑛 − 1) ) then the maximum independent set is 

{ {𝐷2, 𝐷3},{𝐷1, 𝐷3},{𝐷1, 𝐷2} }. The independent number of 𝐺𝜏∁ is 3 (see 

Example 2.9). 
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Example 2.17 If|𝑋|=4, then𝜏 = 

{∅,𝑋,{ 𝐷1},{𝐷2},{ 𝐷3},{𝐷4},{𝐷1, 𝐷2},{𝐷1, 𝐷3},{𝐷1, 𝐷4},{𝐷2, 𝐷3},{𝐷2, 𝐷4},{𝐷3, 𝐷4} },

and 𝜏∁ = { 𝑋 , ∅,{𝐷3, 𝐷4}, 

{𝐷2, 𝐷4},{𝐷2, 𝐷3},{𝐷1, 𝐷4},{𝐷1, 𝐷3},{𝐷1, 𝐷2},{𝐷4},{ 𝐷3},{𝐷2},{𝐷1}} so 𝑉(𝐺𝜏∁) = 

{{𝐷3, 𝐷4}, {𝐷2, 𝐷4},{𝐷2, 𝐷3},{𝐷1, 𝐷4},{𝐷1, 𝐷3},{𝐷1, 𝐷2},{𝐷4},{ 𝐷3},{𝐷2},{𝐷1}}. 

Since the number of non-adjacent vertices consisting of two elements is sex 

vertices, and according to the general formula mentioned in (Proposition 

2.13), were ((𝑛 − 1 ) + (𝑛 − 2) + (𝑛 − 3) + ⋯ + 𝑛 − (𝑛 − 1) ) then the 

independent number of 𝐺𝜏∁ is  {{3,4},{2,4},{2,3},{1,4},{1,3},{1,2}} =6. (See 

Proposition 2.7). 

 

Example 2.18: 

𝜏={∅,𝑋,{ 𝐷1},{𝐷2},{ 𝐷3},{𝐷4},{𝐷5},{𝐷1, 𝐷2},{𝐷1, 𝐷3},{𝐷1, 𝐷4},{𝐷1, 𝐷5},{𝐷2, 𝐷3},{𝐷2

, 𝐷4},{𝐷2, 𝐷5},{𝐷3, 𝐷4},{𝐷3, 𝐷5},{𝐷4, 𝐷5} },and 𝜏∁ = { 𝑋 , 

∅,{𝐷4, 𝐷5},{𝐷3, 𝐷5},{𝐷3, 𝐷4},{𝐷2, 𝐷5}, 

{𝐷2, 𝐷4},{𝐷2, 𝐷3},{𝐷1, 𝐷4},{𝐷1, 𝐷3},{𝐷1, 𝐷5},{𝐷1, 𝐷2},{𝐷5},{𝐷4},{ 𝐷3},{𝐷2},{𝐷1}} so 

𝑉(𝐺𝜏∁) = 

{{𝐷4, 𝐷5},{𝐷3, 𝐷5},{𝐷3, 𝐷4},{𝐷2, 𝐷5},{𝐷2, 𝐷4},{𝐷2, 𝐷3},{𝐷1, 𝐷4},{𝐷1, 𝐷3},{𝐷1, 𝐷5},{

𝐷1, 𝐷2},{𝐷5},{𝐷4},{ 𝐷3},{𝐷2},{𝐷1}}Since the number of non-adjacent vertices 

consisting of two elements is sex vertices, and according to the general 

formula mentioned in (Proposition 2.14), were ((𝑛 − 1 ) + (𝑛 − 2) + (𝑛 −
3) + ⋯ + 𝑛 − (𝑛 − 1) )  

 ((5-1) + (5-2) + (5-3) + (5-4) = 4+3+2+1=10 

then the maximum independent set is : 

{{𝐷4, 𝐷5},{𝐷3, 𝐷5},{𝐷3, 𝐷4},{𝐷2, 𝐷5},{𝐷2, 𝐷4},{𝐷2, 𝐷3},{𝐷1, 𝐷5},{𝐷1, 𝐷4},{𝐷1, 𝐷3},{

𝐷1, 𝐷2}} and independent number of 𝐺𝜏∁ is  10. (See Example 2.9). 

 

Proposition 2.19: The chromatic number of (𝐺𝜏∁) is 𝑛 − 1, where 𝑛 ≥ 3. 

 

Proof: The chromatic number requires that every two adjacent vertices 

have a different color. It is important to know that the vertices in the graph 

take the form of one element, two elements, three elements, and even 

vertices in the form of (𝑛 − 1) elements, and for each category of these 

vertices (with one element, two elements, (𝑛 − 1) of the elements) have one 

color number because they are not adjacent according to the (Definition 

2.1). We conclude, based on the enumeration of the head classes, that if we 

have |𝑋|= 𝑛 (𝑛 ≥ 3) then the chromatic numbers for the graph of the 

topology complement is (𝑛 − 1). 

 

Example 2.20: 𝑋 = {𝐷1, 𝐷2, 𝐷3}, then By (Proposition 2.17), the chromatic 

numbers for the complement of discrete topological graph equal 2.  
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Fig. 5: The chromatic numbers graph 𝐺𝜏∁ = 2. 

 

Example 2.21: Let 𝑋 = {𝐷1, 𝐷2, 𝐷3, 𝐷4}, By (Proposition 2.17), the chromatic 

numbers for the complement of discrete topological graph equal 3.  

 

 

 

 

 

 

 

 

 

Fig. 6: The chromatic numbers graph 𝐺𝜏∁ = 3. 

 

 

 

 

 

 

 

Example 2.22: Let 𝑋 = {𝐷1, 𝐷2, 𝐷3, 𝐷4, 𝐷5},. Since by (Proposition 2.17), the 

color numbers for the complement of discrete topological graph equal 4. 
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Fig. 7: The chromatic numbers graph 𝐺𝜏∁ = 4. 

 

Proposition 2.23: the girth number of 𝐺𝜏∁ equals 3, where 𝑛 ≥ 3. 

 

Proof: when |𝑋| = 3, It is clear the Girth number equals 5(See Figure 2). 

moreover by (definition 2.1) According to the definition, every single 

vertex is the content of a two-element vertex, and every two-element 

vertex is the content of a three-element vertex. On the other hand, every 

single vertex is the content of a three-element vertex. So when|𝑋| = 𝑛, (𝑛 

> 3) then the least cycle is 3. (See Example 2.8). 

 

 

 

 

 

 

 

 

 

 
                                              Graph 𝐺𝜏∁                                                           Girth of graph 𝐺𝜏∁ 

 

Fig. 8: The Girth graph 𝐺𝜏∁  is 3.  

 

Proposition 2.24: then the Clique number of 𝐺𝜏∁ equals  𝑛 − 1, where 𝑛 

≥ 3. 

Proof: It is clear from the definition of the complement of a discrete 

topological graph that each vertex belongs to a vertex of two elements 

and also belongs to higher-order vertices and even vertices with 𝑛 − 1 

elements. This partiality means the existence of adjacency between all 

these vertices up to the 𝑛 − 1 vertex because it excludes 𝑋 from the set of 

vertices according to the definition of (Definition 2.5). Therefore the 

Clique number of 𝐺𝜏∁ equals 𝑛 − 1. 

Example 2.25: If |𝑋|=3, then the Clique number of 𝐺𝜏∁  is 2. 

 

 

 

 

 

 

                    
     Graph 𝐺 𝜏∁                                            Girth number of graph 𝐺𝜏∁ 

 

Fig.9: The Girth graph 𝐺𝜏∁  is 2. 
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Example 2.26: If|𝑋|= 4, then the Clique number of graph 𝐺𝜏∁  is 3. (See 

figure 7). 

Example 2.27: If|𝑋|= 5, then the Clique of 𝐺𝜏∁  is 4. 

 

 

 

 

 

 

 

 

 

 

 

 
Graph 𝐺𝜏∁                                      Clique number of graph 𝐺𝜏∁ 

 

Fig.10: The Clique number graph 𝐺 𝜏∁  is 4. 

4. Conclusion 

This paper aims to create a new approach: the complement of a 

topological graph derived from a discrete topology. The relationship 

between sets in a discrete topological space is the basis for how to write 

vertices and edges and find the relationship between them. Several 

properties of this graph were studied: a simple undirected, connected 

graph that does not have a cut vertex. Moreover, we calculated the 

independent numbers, chromatic number, girth number, and clique 

number for Complement discrete topological space, which is 

considered one of the important parameters in various studies such as 

networks, information systems, maps, etc. 

 

5. Suggestions for fourth works: 

We present our proposal to researchers interested in this field 

about the necessity of studying other topological spaces and describing 

them graphically, Such as studies on dominance, including strong, 

weak, complete, and independent are all concepts related to graph 

theory. 
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