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Abstract: Quadrature formulas are fundamental tools in numerical integration, used to approximate
integrals with high accuracy. Their efficiency depends on minimizing the error functional, which is
critical in functional analysis and numerical approximation theory. The study focuses on Sobolev
spaces, which provide a rigorous framework for analyzing quadrature formulas. In these spaces,
error functionals play a crucial role in assessing the accuracy of numerical integration methods.
Prior research has explored extremal functions and optimal quadrature formulas, but precise error
norm calculations remain an ongoing challenge. Although optimal quadrature formulas have been
studied extensively, the explicit calculation of the square of the norm of the error functional in
Sobolev spaces requires further exploration. A deeper understanding of extremal functions and
their impact on error minimization is necessary to advance numerical integration techniques. This
research aims to determine the square of the norm of the error functional for a given quadrature
formula in Sobolev spaces, utilizing extremal function analysis and functional optimization
methods. The study derives an explicit formula for the norm of the error functional, proving its
dependence on the coefficients of the quadrature formula. Using Riesz representation and Green’s
function techniques, an extremal function corresponding to the error functional is obtained, leading
to a rigorous calculation of the error norm. The research presents a precise computation of the error
functional norm, contributing to the optimization of quadrature formulas in Sobolev spaces. The
findings enhance the theoretical understanding of numerical integration and provide a foundation
for developing more accurate computational methods. The results are significant for improving
numerical integration techniques used in applied mathematics, physics, and engineering. The
optimized quadrature formulas can enhance computational efficiency in solving integral equations,
reducing numerical errors in scientific computing applications.
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1. Introduction

The study of quadrature formulas in Sobolev spaces plays a fundamental role in
numerical integration, particularly in optimizing computational efficiency and reducing
error margins in approximate integral calculations. This research focuses on determining
the square of the norm of the error functional for a specific quadrature formula, a critical
aspect in evaluating the accuracy and reliability of numerical methods. The Sobolev space
framework provides a structured approach for analyzing functions with derivatives in a
generalized sense, ensuring a rigorous foundation for error estimation. The study
employs extremal function theory and functional analysis techniques to derive the
optimal quadrature coefficients that minimize the error functional.
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By leveraging the Riesz representation theorem and Green'’s function methodology,
the research calculates the precise error norm, demonstrating its dependence on
quadrature coefficients. The findings contribute to the broader field of computational
mathematics by offering a systematic approach to refining quadrature formulas, which
are widely applicable in solving differential equations, physics simulations, and
engineering computations. This study aligns with the foundational work of Sobolev and
his successors, further developing optimal numerical integration techniques and
expanding their applicability in multidimensional contexts. Understanding these optimal
formulas is crucial for advancing numerical methods and ensuring computational
accuracy across various scientific and engineering disciplines.

2. Materials and Methods

An important task in the theory of quadrature formulas is to find the maximum error
of a quadrature formula for a given class of functions.

Let's consider quadrature formula of the following form

[p()dv= > K Alo(1p)
0 & , (1)
h —

where [Alare the coefficients of the quadrature formula (1), [A]=(hg), "=\
N=123... is element of space W,"(0.2) and k[A]=0 at N8 e[O,l]'

The error of the quadrature formula (1) is the difference between the integral and
quadrature sum

(1,0) = [ €008 = [ ()~ > KT Alo(hB)
—o0 0 p=0

7

where

009 =iy ) = D _KIBIS(x=hp) .
=0 e

Iz (X)

Here ‘™ is the error functional of quadrature formula (1), is indicator of the

interval [0,1], 5(x) is the Dirac delta function.
In this work, the extremal function corresponding to the error functional (2) of the

W™ (0,2)

quadrature formula (1) in the space is found, and the square of the norm of the

error functional is calculated.

The Sobolev space W, (0 s the Hilbert space of classes of real functions o(x)
differing at most by a polynomial of degree M~ 2with derivatives (in the sense of in a

generalized) of order m square integrable in the interval (0,1) and an inner product

1(dm¢(x) Ay (x) 4 o(x) dm_l‘/’(x))dx.

<@y >=
v J dx" dx" dx™* dx™*

0

®3)

W;" (0 is determined by the formula

Then the norm of the function ?(*)in the space

e ey

The error of the quadrature formula is a linear functional in

W™ (01) , where W,™(0,2)
is conjugate space to the space W, ©OD je.
/(x)ew, ™ (0,1)

(m*
For the error functional ‘) belongs to the space W (0.1,

(ﬁ(x)) =0.a=0L...m-2 @

it is necessary that
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It is natural to evaluate the quality of the quadrature formula (1) using the maximum

error of this formula on the unit ball of the Hilbert space W, 0D that is, using the norm
of the functional ()

Jejwi 0] = wasv;]mﬁ)\\:lm ?)

It can be seen that the norm of the error functional () depends on the coefficients

k[A].

If
HZM;””*(o,l)Hﬂ?,;} | 0.2 ®

then they say that the functional (( X) corresponds to the optimal quadrature formula
in the space e W:" 0,

(m)
If you want to find the maximum possible error over the space W, (01) of the
constructed quadrature formula, then it is enough to solve the following problem.

Problem 1. Find the norm of the error functional £(x) of the quadrature formula (1)
in the space W, 01

If you need to find the optimal quadrature formula by varying the coefficients k[A],
then you need to solve the following problem.

Problem 2. Find such values of the coefficients k[A] that equality (5) is satisfied.

The formulated problems transfer the theory of approximate calculations of integrals
to the section of extremal problems of functional analysis, formed in the scientific direction
in the 30-50 s of the last century and associated with the name of A.N. Kolmogorov.

In the multidimensional case, the formulation of problems 1 and 2 were set by S.L.
Sobolev . Next, he gives an algorithm for constructing optimal lattice cubature formulas

(m) n
in Sobolev space " (R )[1,2].
Subsequently, Sobolev’s research on optimal lattice cubature formulas and
asymptotic formulas was and is being developed by his students [3-13].

3. Results and Discussion

Figures In the next paragraph we find the extremal function.
3.1. Extremel function.
In order to solve problem 1, i.e. to find the norm of the error functional (2) in the space

(m)*
W, (0’1), the extremal function of this functional is used. Functionuﬁ(x) is called an
extremal function of the functional £(x) [1] if the equality
(U,) =[] Ju, w0,
(6)
In space W, )(0'1), using the Riesz theorem on the general form of a linear

continuous functional on Hilbert spaces, the extremal function is expressed in terms of a
given functional and, in addition, the equality is satisfied

I 0] o 2]

)
Therefore, from (6) and ( 7 ) we conclude that
. 2
o) o]
(m)

On the other hand, using the same theorem, for any element (%) of space W™ (01)
we obtain

(4, p) :<Uf'(p>l

Where
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<Uf,go>:j .

t(d"(x) d"U,(x) d"p(x) d"U,(x)
m m m1 m1 dx
oL dx dx dx dx

©)
(m)
pseudo-inner product in space W, (0D Let #() is a function be finite and infinitely
differentiable, i.e.
o(X) e C (m)(O,l).
Integrating M the right-hand side of equality (9) by parts, U,(®we obtain for the

functions
U™ (x) =U 22 (x) = (~)™ (). (10)

~ (=) (m)
cr(o) dense in space W, (01), Therefore, we can

w;™(0,0)

It is known [1] that space

approximate functions from space as accurately as we like using a sequence of

~ (=) (m)
functions from c (0’1). Then, for anyonego(x) ;" (01) Integrating by parts the
right-hand side of equality (9) we have
1

(4.0)=(U,.0) = [(¢™ (x)-U, " (x) +9" (x)-U, " () ) dx=

m-1 x=0
_ Z (_1)s+1¢(m—2—s) (X) (U /(m+s+1) (X) —U /(m+s—1) (X))‘ +
1 ‘ ‘ x=1
AR GOl
) x=0

+(_1)m-1[¢(x) (U ﬁ(Zm) (X) iy ﬁ(2m—2) (X))dX.

W, ™ (0,1)

From here, from arbitrariness ?(*) and from the uniqueness of the function

(m)
U, (x) eW,™(0,2) taking into account equality (10) we obtain the following equalities
U S () ~U 2™ (x) = ()" ((x), (1)
=1
(U {(m+s+1) (X) —U {(m+s—1) (X)) X =0,s=1m-1,

x=0 (12)

x=1

L[ <o
‘ x=0

(13)
Theorem 1. The solution to the boundary value problem (11)-(13) is an extremal function of
the error functional (2) of the quadrature formula (1) and has the form

U, (0= (1) €00 * 4, (X) + Py (%)

where
Sian ex _ e—x m-1 X2n—l
() == [ 7 Zno)
n=t ) (14)
fundamental solution of the differential operator 2M = first order, i.e. solutions to the equation
d2m d2m72
(W_Wjﬂm(x) =5(x),

1, x>0,
signx=<0, x=0,

L X<0 R(js 4 polynomial of degree M=2, 9(X)is the well-known Dirac

delta function.

Proof. It is known that the general solution of an inhomogeneous differential equation
is a particular solution of an inhomogeneous differential equation plus a general solution
of the corresponding homogeneous differential equation.
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(m) . . .
As stated above, what W2 ODis a Hilbert space with scalar product (3). Therefore,
using the general form of a linear functional in a Hilbert space, we represent the error

(m)
functional in the form (9), where the U, (%) eW;™(0.1) Ries element is called. In addition,

according to the Riesz theorem, equality (7) holds. By virtue of (3) and (9), we obtain the
(m)
following identity, which is valid for any functionq)(x) <" (0.1)

j[dmgo(x) d"U,(x) d""p(x) d m_lUf(x)jolx = [£()p(x)dx

o Ldx” dx™ dx™* dx™*

(15)
Having performed M the integration by parts on the left side of (15) once, we obtain

a boundary value problem in generalized functions
d*"U,(x) d*"*U,(x)

=(=D"¢(x),
dXZm dX2m72 ( ) (X) (16)
m+k| m-2+k =l
‘ Lrjnik(x)—d mgik(x) X" _0, k=Im-3.
dx dx x=0

17
From the theory of boundary value problems it is kno(wrz that this problem has a
solution that is unique, up to a term, which Fr2(®is a polynomial of degree <M —2.
All solutions to equation (16) are written in the form
U, () = (1) £0)* 4 () + Py 5(x) + 28"+ be a8)

where Pors(is some polynomial of degree 2m-3,
(D™ () * 4, (x) €W;™(0,)

to equation (16), and the entire solution to the homogeneous equation
d*"U, (x) B d*™?U,(x) 0o

dXZm dem—Z
w,™(01)

In fact, it is easy to check that the function is a solution

from space are polynomials of degree < 2M =3 5o that the general solution of

(m)
equation (16) in space w;™(01) has the form (1 8).
It is easy to see that in order for the solution U, (Mo satisfy both condition (17), the
equality Pons() =Fr2(X) a=0,3n4b=0.

Really,

dm+k dm—Z—k ()

—— = ——— |(£(X) * g1, (X) + Py, (X)) = £(X) * gt ", —5
[dxmk dxm“]( 0900+ Rs00) =100 ", | g
So

U, (¥) = (D)™ ()™ 14, () + By (%)
Theorem 1 has been proven completely.

Now, using the found extremal function, we calculate the square of the norm of the
error functional for the quadrature formulas.

3.2. The norm of the error functional for quadrature formulas (1).
Now we can calculate the norm of the error functional. The following theorem is true.
Theorem 2. For the square of the norm of the error functional, the following formula
holds:

oo @ =" {iik B[]t (VB =) -
/=0 7=0

—ZZk[ﬂ]jym(x— h,B)dx+”,um(x— y ) dxdy
B=0 0 00 , (19)

where #m (X) Green's function is determined by formula (14).
Proof of Theorem 2. Indeed, since the space W, (0D js the Hilbert space, then by
Riesz’s representation theorem on the general form of a linear functional and taking into
account the definition of an extremal function, we have
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g e [\/\/;"”*(0,1)“2 .

oo

Hence, taking into account Theorem 1, we have

o™ =(4U,) = [1x)U, (x)dx =
—J([M -2 k[Al5(x~ hﬂ)j

$=0
NI Loignx(eX—e &
[( 1)"e(x)* 5 [ 5 ;(Zn 1)|] sz(x)jdx.
Using equality (4) we obtain

||e(x)[\,\,2<m>*(o,1)||2=j,e(X)((—l)mé(X)*Si%nx[e o Tl(z);n_l) D (20)

First, we calculate the following convolution
2n-1

Loignx(ef—e™ X x
0= ( “2ons 1)1}

n=1

E(X)*signx et -e & X )
2 2 “(@2n-!

K sign(x — Y _Vx  md(y_ 2n-1
ZV(V)* 9(2 y) i (x-y) }dy:

2 = (2n-1)!
_T i k[ﬁ]&(y hp) Lsign(x—y) eX—Y_eyfx_mz_l(X_y)Zn—l o
01 = 2 2 ~ (2n-1)!
_J'Slgnzx y (exy eyx_m 1(X_y)2n—1de_
n=1 (2n—1)l
sign(x— hﬂ) p_ ghhx _m—l(x_hﬂ)znﬂ
Zk[ﬂ] { . > o j .

Then substituting (21) into (20), we get

HK(X)[\I\IZ(mY(O,l)“2 =(-)" .[(i[o’l] (x)- gk[ﬁ]g(x_ hﬂ)}x
1 sign(x_ y) Xy _ gV mfl(X— y)2n—1

2

0

N S|gn X hy) xhy _ ghy=x m’l(X—h}/)er
k - dx.
’Z ( 2 2 @-1 ||

From here, opening the brackets and simplifying, we get

e o] =(—D{iik[ﬂ]k[ﬂum(hﬂ—h7)—2ik[/5’] [ 1 (x=nByx+
p=0y=0 A=0 0

11

+[ [ (x= y)dxdy}
00 (22)

From equality (22), we immediately obtain (19). Theorem 2 is completely proved.

5. Conclusions

In this work, in the factorized space W;" (01 an extremal function corresponding to the
error functional of quadrature formulas is found. Moreover, in the conjugate space

(m)= .
W, (0D) the square of the norm of the error functional has been calculated.
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