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Galerkin method of the problem under consideration is
established. In this paper, a generalized solution of the
problem under consideration is defined in the

space H1(Qr). The proposed boundary value problem is
considered under certain conditions for the function involved n system, - m Ci
in the equation and the boundary condition, which allow the ;fg;g;yry Sgs;iﬁ gg?”giggl’c . Hﬁﬁﬁlﬁ;
existence and uniqueness of the generalized solution. For the 2 oril ’ ’ ’
numerical solution of the problem under consideration, an

approximate solution was constructed using the Bubnov-

Galerkin method. The concept of stability of the Galerkin

process for this problem is introduced. The aim of the research

is to obtain a condition for the stability of the computational

process of the considered mixed problem.Using the Bubnov-

Galerkin method, the problem under consideration is reduced

to solving a system of ordinary differential equations. Further,

we consider the "perturbed" problem for the system of the

Bubnov-Galerkin method and obtain estimates for the

difference between the solutions of the original and perturbed

systems. The article establishes the stability of the Galerkin

method of the problem under consideration, under the

conditions of strong minimality of the coordinate system,

which allows the calculation of an approximate solution of the

problem under consideration by the proposed Bubnov-

Galerkin method.
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Introduction

When studying a number of applied problems, it
becomes necessary to study boundary value
problems of parabolic type, when the boundary
condition contains the time derivative of the desired
function. Problems of this type arise, for example,
when the surface of a body, the temperature of
which is the same at all its points, is washed off by
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a well-mixed liquid. Some nonlinear problems of
parabolic type with a boundary condition
containing the time derivative of the desired
function were considered, for example, in works[1-
3]. Many scientists were engaged in the
construction of an approximate solution by the
Galerkin method and obtaining a priori estimates
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for an approximate solution for parabolic others.[4-9]. And quasilinear problems, when the
quasilinear problems without a time derivative in boundary condition contains the time derivative of
the boundary condition:Mikhlin S.G., Douglas J. Jr, the desired function using the Galerkin method,
Dupont T., Dench J. E., Jr, Jutchell L. and have been little studied [10-13].

Formulation of the problem In this paper, we consider a quasilinear problem of parabolic type, when the
boundary condition contains the time derivative of the required function:

d
Uy — Eai(x, t,u,Vu) + a(x, t,u,Vu) = 0,
l

aous + a;(x,t,u,Vu) cos(v,x;) = g(x, t,u), (x,t) €S;, ey
u(x,0) =uy(x) ,x €N

where Q2 is a bounded domain in E,;, m = dim — dimension field 2, Q, ={Q X [O,T]} S, ={GQ X [O,T]} ,
= const > 0
Let’s denote by f}m(QT) = {u € HY*(Qr):aous € L,(Sp)} .

Definition.uis called a Generalized solution of the problem (1)when u E}FJ(QT) and satisfies the
following identity

fQT(utn + a;(x, t,u, Vu)n,, + a(x, t,u, Vu)n) dxdt + + fST(aOut + g(x,t,u)))n) dxdt = 0 (2)
vn e H"(Qr)

Main results: Consider problem (1) under the following conditions

1) for (x,t) € O rand arbitraryu,v, pugthe inequalities are true

2) e t,u,p) —ailx tu, @) < plp — 4l

lai(x, t,u,p) — a;(x, ¢, v,p)| < Lo(Jul® + [v[®)|u —v],

laCx, t,u,p) — alx, t,u, @)1 < Li(Jul*lp — ql + (Ipl® + 1q1#)Ip — ql), 3)

la(x, t,u,p) — alx, t,v,p)| < Ly(Ip1*F + [ul*® + [v]*9)u - v]),

lgCx, t,u) — g(x, t, )| < Ly(lul” + [v|)lu—vl),

rie
[0;0),m =2

XE [ ; 2m ],m >3 J>m =dim(Q)4)
(m-2)l

[ [0;0),m =2 5
y € _ 2(m-1) , B0 =<-

[ ! (m—z)(l—l)] ym =23 :

u,LoLy L, L; — positive constants.

2) The boundary S of the domain Q is such that the inequalities are true[14-15]
lullg@) < ellVullf, ) + Cellullz, q),

_ 2l _
q_l_zrl>mi(5)

||u||Lq(S) = 5||Vu||iz(g) + Cellu”iz(ﬁ)’
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2(m—1)
m-—2
3) Monotonicity condition. For any functions u, v < H?!

(a;(x, t,u,Vu) — a;(x, t,v, Vv),uxi — U)o+ (alx, t,u,Vu) — a(x, t,v,Vv),u — v),0 (6)

4) By(x,t,u) € {2 x [0, T] X E,}function g(x, t,u)measurable
by (x,t, u), continuous by (t, u) and satisfies the following inequality:
Ig(xr L, U.) - g(x' t, 'U)l < gOIu - UI, g(x' [ O) € LZ(ST) (7)

Let us construct an approximate Galerkin solution. Take a coordinate system from the space H(2). We
will seek an approximate solution U (x, t) in the form[16-17]

Ux,t) = Xie=1 G ()0 (x)(8)

whereC}; (t)are determined from the system of ordinary differential equations
Un @i, + (a;(x, t,U,VU), @jx )0 + (alx, t,U,VU), @) o=

= (9(x,t,0),9))s,j =1,n(9)

with initial conditions

(U(x,0) —ug, ;) Hi@) =0

HereL, (2)- spaceoffunctionwith scalar product

(W, V)1, = W v)q + ao(u, v)s

Suppose that the coordinate system {¢_k} c[[H) * 1 () is strongly minimal in the space [L7] _2 (€2) that is,
there exists a constant q, does not depend on n, such that 0<q< [q_i)] * n, where [[q_i)] * n are the eigenvalues
of the matrix

n
O ={(0n <p;)zz}k
Let’s write system (7) in the vector form

Qn Ca(8) + Ru(t, Cu(1)) = fu(t, Co (D)) + gn (¢, Ca (1))
(10)

J=1

Cn(t) le=o = Cn(0)

here

n

660 = (503020, |

fu(t, Cn) = {(alx, t,U,VU), @) o}e=1
In(t, C) = {(gCx, £, U), pi)s3k=1.Cn = {C k=1

n-dimensional vectors.

Suppose that instead of the Galerkin system (8) let’s solve the "perturbed" system[18-20]
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((Qn +TWTa(®) + Ro (£,Ca(®) = gn (£, Ca(®) + fo (£, Ca(®)) + 628, Co),

9 5, (t,Cy) = YL 5E(E, Cr) (11)

\ Cn(t)|t=0 = Cn(o) = Cn(o) +é&n
if there exist such positive constants independent of n

where C _n (t) is solution of the perturbed problem.

Definition. The Galerkin process for (8) is called stable,if there exist such positive constants independent of
np; (i=0,3) ,which for sufficiently small norms of matrices||/n||l7;/landnorm  of

vectors||8, (¢, Co) L, (0,65, - 1AnlE,
holds inequality

||€n(t) - Cn(t)”En < pOHAn“En + P1 ”1—(7)1” + P2 ”Fn” +
+p3 maxc, <k 16, (£, C)l L, 0.5, (12)

An approximate solution U (x, t) is called stable in the space [L7) _2 () if an equality similar to (12) holds
for the difference

|0, t) — U(x, t)||L2, whereU (x,t) = ¥, CI (t) @y (x).

Using the strong minimality of the coordinate system{¢,}inL, (£2)we obtain the inequalities

IC. O, < ZIUIE,= N/q (13)

jot dC, (O] En ”

<N
dt /
Then, in inequality (13), we putk = V /q -

L,(0,t,Ly)

Letadmittederrors/,, 8, (t, C,)are such that

Il < aq, (14)

in the sphere IICn(t)II,Zgn < Kinequality is true

18, (t, COIZ, 0.6,8,) < 6C, (15)

We denotez,, = C,,(t) — C,(t).

Let us subtract (10) from (11) and the resulting equation is multiplied scalarly by the vectorz, (t)

2dt ((Qn + 1) zn, Zn) + (Rn(t Cn) Ry (¢, Cp), Zn) +

+(fu(t, Go) — fult, Cn),zn)En = (9n(t,Ca) — gn(t. Co), zn)En + (@n(t, Cu), 20)i, (16)

Here
@n(t) = _Fncn(t) + 5n(tr Cn)
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By assumptions (6) , (7), ag # 0.
(Rn(t: Cn) - Rn(tr Cn): Zn)En-I'(fn(t: Cn) - fn(t: Cn)r Zn)En =0

Notice, that,
(gn(t,Cr) — gn(t, C")’Z")En =(g(x,t,0)— g(x,t,U),T - U)S
then, estimating the terms on the right hand side of equality (16) using the inequality Cauchy, we obtain
d ~ 2
2t (Ot Tz 20) < 290U = U, +lIzllE, + I @nllE,
Integrating the last inequality and taking into account the inequality
1, 2
lzall, < 110 = UL,
we get

((Qn+F)Zn,Zn) <2 gO f||U U|| dt+] D, I7 dt +

+((Qn + I)7(0), 20(0)),,
Moreover, by assumption (14)

((Qn + 1)z, Zn)En > (QnZn, Zn)En - 0Lq”Zn”%n >(1- a)(QnanZn)En = (1- OL)”ﬁ - U”TZZ
(17)

|(@n + 1)20(0),20(0)),, | < (Qn2(0),20(0)) . + xqliznllF, << c(1 + @[T (x,0) = U(x, 0)]|
And by estimate(15)
SN @3, dt < 2KIT01% + 2K116,(t COIIZ, 0 e, (18)

H(Q)

Let’s denote
JIT G ) = UG O} de =y (0,

c(1+a)||T (x,0) — U, 0|5, +(19)

H1(2)

2RI + 2 max. 1806 CIIE, 0.0 = Fal0)

Then, substituting (17), (18), to(16), we obtain the inequality fory,, (t)

2(90+3)
1-—

~2(20)

dy;t(t) S Cy (D) +FE (), C =

From which, in turn, by well-known lemma on differential inequalities, the inequality follows [21-24]

dya() _ pCrt
dt —
From here,
10 G0 = DI < pallaall® + 5 [I131% +

1)

+P2l0ll? + 95 max 60(6 G, o)
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Where constantsp; (i = 0,3)independent ofn

~ 1, - 1
160 = G0, <210 -Vl <o

q

wherew?is the right hand side of inequality (21).

Conclusion
The stability of the approximate solution of the
Galerkin method for problem (1) is established
under the conditions that (3) - (7) are satisfied and
the coordinate system is strongly minimized in
spaceL, (2).
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