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Abstract 

The article considers a parabolic-type boundary value problem 
with a divergent principal part, when the boundary condition 
contains the time derivative of the required function. An 
approximate solution is constructed and the stability of the 
Galerkin method of the problem under consideration is 
established. In this paper, a generalized solution of the 
problem under consideration is defined in the 

space	Н�,�� ����.	The proposed boundary value problem is 
considered under certain conditions for the function involved 
in the equation and the boundary condition, which allow the 
existence and uniqueness of the generalized solution. For the 
numerical solution of the problem under consideration, an 
approximate solution was constructed using the Bubnov-
Galerkin method. The concept of stability of the Galerkin 
process for this problem is introduced. The aim of the research 
is to obtain a condition for the stability of the computational 
process of the considered mixed problem.Using the Bubnov-
Galerkin method, the problem under consideration is reduced 
to solving a system of ordinary differential equations. Further, 
we consider the "perturbed" problem for the system of the 
Bubnov-Galerkin method and obtain estimates for the 
difference between the solutions of the original and perturbed 
systems. The article establishes the stability of the Galerkin 
method of the problem under consideration, under the 
conditions of strong minimality of the coordinate system, 
which allows the calculation of an approximate solution of the 
problem under consideration by the proposed Bubnov-
Galerkin method. 
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---------------------------------------------------------------------***-------------------------------------------------------------------

Introduction 

When studying a number of applied problems, it 
becomes necessary to study boundary value 
problems of parabolic type, when the boundary 
condition contains the time derivative of the desired 
function. Problems of this type arise, for example, 
when the surface of a body, the temperature of 
which is the same at all its points, is washed off by  

 
 

a well-mixed liquid. Some nonlinear problems of 
parabolic type with a boundary condition 
containing the time derivative of the desired 
function were considered, for example, in works[1-
3]. Many scientists were engaged in the 
construction of an approximate solution by the 
Galerkin method and obtaining a priori estimates 
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for an approximate solution for parabolic 
quasilinear problems without a time derivative in 
the boundary condition:Mikhlin S.G., Douglas J. Jr, 
Dupont T., Dench J. E., Jr, Jutchell L. and 

others.[4-9]. And quasilinear problems, when the 
boundary condition contains the time derivative of 
the desired function using the Galerkin method, 
have been little studied [10-13]. 

 

Formulation of the problem In this paper, we consider a quasilinear problem of parabolic type, when the 
boundary condition contains the time derivative of the required function: 


 �� − ���� ����, �, �, ∇�� + ���, �, �, ∇�� = 0	,���� + ����, �, �, ∇�� cos��, ��� = ���, �, ��, ��, �� ∈  �	,���, 0� = �����	, � ∈ ! " (1) 

 

#ℎ%&%	!	'(	�	)*�+,%,	,*-�'+	'+	Е., -= dim− 	dimension	4ield	!, [ ]{ }0,
T

Q T= Ω × , [ ]{ }0,
T

S T= ∂Ω × ,= 6*+(� > 0 

Let’s denote by Н�,�� ���� = 8� ∈ 9�,�����: ���� ∈ ;<� ��= . 
Definition.�is called a Generalized solution of the problem (1)when � ∈ Н�,�� ���� and satisfies the 
following identity > ���? + ����, �, �, ∇��?�� + ���, �, �, ∇��?�@A ,�,� + +> ����� + ���, �, ����?�BA ,�,� = 0 (2) ∀	? ∈ 9�,����� 
Main results: Consider problem (1) under the following conditions 

1) for	��, �� ∈ Ǭ	�and arbitraryu,v, pиqthe inequalities are true  

2) |����, �, �, E� − ����, �, �, F�| ≤ H|E − F|, |����, �, �, E� − ����, �, I, E�| ≤ ;��|�|∝ + |I|∝�|� − I| , |���, �, �, E� − ���, �, �, F�| ≤ ;�K|�|∝|E − F| + K|E|L + |F|LM|E − F|M,	(3) |���, �, �, E� − ���, �, I, E�| ≤ ;<K|E|<L + |�|<N + |I|<N�|� − I|M, |���, �, �� − ���, �, I�| ≤ ;O�|�|P + |I|P�|� − I|� , 
где 

∝∈ Q R0;∞�,- = 2"U0; <.�.V<�WX ,- ≥ 3	",[ > - = dim�Ω�(4) 

\ ∈ Q R0;∞�,- = 2"U0; <�.V���.V<��WV��X ,- ≥ 3", ] ≤ <W  
	H, ;�,;�,;<,;O	 − 	E*('�'I%	6*+(��+�(. 
2) The boundary S of the domain Ω is such that the inequalities are true[14-15] ‖u‖`ab�Ω� ≤ c‖∇�‖`d�Ω�< + ef‖�‖`d�Ω�< , Fb = <WWV< 	 , [ > -;	(5) ‖u‖`ag�B� ≤ c‖∇�‖`d�Ω�< + ef‖�‖`d�Ω�<  , 
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Fg < 2�- − 1�- − 2  

3) Monotonicity condition. For any functions �, I ≤ 9� �����, �, �, ∇�� − ����, �, I, ∇I�, ��� − I���j + ����, �, �, ∇�� − ���, �, I, ∇I�, � − I�j0	�6� 
 

4) By��, �, �� ∈ 8!g × R*, mn × o�=function	���, �, ��measurable by	�x, t, u�, continuous	by	�t, u�	and	satis4ies	the	following	inequality:	 |���, �, �� − ���, �, I�| ≤ ��|� − I|, ���, �, 0� ∈ ;<� �� (7)  

Let us construct an approximate Galerkin solution. Take a coordinate system from the space 	9��!�. We 
will seek an approximate solution U (x, t) in the form[16-17] {��, �� = ∑ e}~~}�� ����}���(8) 

whereС}~���are determined from the system of ordinary differential equations �{�, ��� �̀d + �����, �, {, ∇{�, �����j + ����, �, {, ∇{�, ���j= = ����, �, {�, ���B	, � = 1, +ggggg (9) 

with initial conditions �{��, �� − ��, ���	���j� = 0 

Here;�<�!�– spaceoffunctionwith scalar product ��, I� �̀d = ��, I�j + ����, I�� 
Suppose that the coordinate system {φ_k} ⊂〖H〗 ^ 1 (Ω) is strongly minimal in the space 〖L ̂〗 _2 (Ω) that is, 
there exists a constant q, does not depend on n, such that 0≤q≤ 〖q_i〗 ^ n, where 〖q_i〗 ^ n are the eigenvalues 
of the matrix �~ = �K�}, ��M �̀d�},���~

 

Let’s write system (7) in the vector form 

��~	e�~��� + �~��, e~���� = �~��, e~���� + �~��, e~����"e~���|��� = e~�0� " (10) 

here �~��, e~� = ������, �, {, ∇{�, �����j �}��~
, 

�~��, e~� = 8����, �, {, ∇{�, �}�j=}��~ , �~��, e~� = 8����, �, {�, �}�B=}��~ ,e~ = 8e~}=}��~  

n-dimensional vectors. 

Suppose that instead of the Galerkin system (8) let’s solve the "perturbed" system[18-20] 
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���
����~ + Г~�e~�� ��� + �~ ��, e�~���� = �~ ��, e�~���� + �~ ��, e�~���� + �~��, e~�,

�~��, e~� = ∑ �~� ��, e~�.�����"e�~������� = e�~�0� = e~�0� + c~
"(11) 

if there exist such positive constants independent of n 

where C ̃_n (t) is solution of the perturbed problem. 

 Definition. The Galerkin process for (8) is called stable,if there exist such positive constants independent of 

nE�	�' = 0,3gggg� ,which for sufficiently small norms of matrices�Г~��‖Г~‖andnorm of 

vectors‖�~��, e~�‖`d��,�,��� , ‖∆~‖�� 

holds inequality  �e�~��� − e~������ ≤ E�‖∆~‖�� + E�	�Г~�� + E<	‖Г~‖ + 

 +EO	max‖��‖ ¡‖�~��, e~�‖`d��,�,��� (12) 

  

An approximate solution U (x, t) is called stable in the space 〖L ̂〗 _2 (Ω) if an equality similar to (12) holds 
for the difference �{¢��, �� − {��, ���`d , where{¢��, �� = ∑ e�}~~}�� ����}���. 
 

Using the strong minimality of the coordinate system8�}=in;�<�!�we obtain the inequalities ‖e~���‖��< ≤ �a ‖{‖ �̀d< ≤ £ F¤  (13) 

¥ ¦,С~���,� ¦��
< ,��

� ≤ 1F ¦,{,� ¦`d��,�, �̀d�
< ≤ £ F¤  

 

Then, in inequality (13), we put§ = £ F¤  . 

LetadmittederrorsГ~, �~��, e~�are such that ‖Г~‖ ≤ ¨F, (14) in	the	sphere	‖e~���‖��< ≤ §inequality is true ‖�~��, e~�‖`d��,�,���< ≤ �eк (15) 

We denoteª~ = e�~��� − e~���. 
Let us subtract (10) from (11) and the resulting equation is multiplied scalarly by the vectorª~��� 12 ,,� K��~ + Г~�ª~, ª~M�� + K�~K�, e�~M − �~��, e~�, ª~M�� + 

+K�~K�, e�~M − �~��, e~�, ª~M�� = K�~K�, e�~M − �~��, e~�, ª~M�� + �Ф~��, e~�, ª~��� (16) 

Here 

Ф~��� = −Г~С� ~��� + �~��, e~� 
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By assumptions (6) , (7), �� ≠ 0. K�~K�, e�~M − �~��, e~�, ª~M��+K�~K�, e�~M − �~��, e~�, ª~M�� ≥ 0 

Notice, that, K�~K�, e�~M − �~��, e~�, ª~M�� = K�K�, �, {¢M − ���, �, {�, {¢ − {MB 

then, estimating the terms on the right hand side of equality (16) using the inequality Cauchy, we obtain ,,� K��~ + Г~�ª~, ª~M�� ≤ 2���{¢ − {�`d�¬�< + ‖ª~‖��< + ‖Ф~‖��<  

Integrating the last inequality and taking into account the inequality ‖ª~‖��< ≤ 1F �{¢ − {� �̀d<  

we get ,,� K��~ + Г~�ª~, ª~M�� ≤ 2­�� + 1F®¥ �{¢ − {�¯d< ,��
� +¥ ‖Ф~‖��< ,��

� + 

+K��~ + Г~�ª~�0�, ª~�0�M�� 

Moreover, by assumption (14) K��~ + Г~�ª~, ª~M�� ≥ �Q±z±, z±�³´ − αq‖z±‖³´< ≥ �1 − α��Q±z±, z±�³´ =	 �1 − α��U¢ − U�
τd
<

,   

  (17) ¶K��~ + Г~�ª~�0�, ª~�0�M��¶ ≤ K�~ª~�0�, ª~�0�M�� + ¨F‖ª~‖��< ≤≤ 6�1 + ¨��{¢	��, 0� − {��, 0�����j�<
 

And by estimate(15)  > ‖Ф~‖��< ,��� ≤ 2·‖Г~‖< + 2§‖�~��, e~�‖`d��,�,���<  (18) 

Let’s denote > �{	¢ ��, �� − {��, ���`d< ,� = ~̧�� ���, 
6�1 + ¨��{¢	��, 0� − {��, 0�����j�< + (19) 

+2·‖Г~‖< + 2 max‖��‖ ¡‖�~��, e~�‖`d��,�,���< = ¹~��� 
Then, substituting (17), (18), to(16), we obtain the inequality for ~̧��� �º������ ≤ e� ~̧��� + ¹~��� , e� = <�»¼��½��VN (20) 

From which, in turn, by well-known lemma on differential inequalities, the inequality follows [21-24] , ~̧���,� ≤ %��	� 
From here,  �{	¢ ��, �� − {��, ���¯d< ≤ E�‖∆~‖< + E̅��Г~����< + 

 (21) 	+E<‖Г~‖< + E̅O max‖��‖ ¡ �~��, e~�`d��,�,���<  
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Where constantsE̅�	�' = 0,3gggg�independent ofn 

�e�~��� − e~������< ≤ 1F �{	¢ − {�`d< ≤ 1F ¿< 

where¿<is the right hand side of inequality (21). 

Conclusion 

The stability of the approximate solution of the 
Galerkin method for problem (1) is established 
under the conditions that (3) - (7) are satisfied and 
the coordinate system is strongly minimized in 
space;�<�!�. 
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